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The 5d dilatonic gravity action with surface counterterms, motivated by the AdS/CFT correspondence and with
contributions of brane quantum CFTs is considered with an AdS-like bulk. The role of quantum brane CFT consists
in inducing complicated brane dilatonic gravity. For exponential bulk potentials, a number of AdS-like bulk spaces
is found in an analytical form. The corresponding flat or curved (de Sitter or hyperbolic) dilatonic two-branes are
created.
1. Introduction
The recent booming activity in brane-world studies is
caused by several reasons. First, gravity on a 4d brane
embedded in a higher-dimensional AdS-like Universe
may be localized [2, 3]. Second, there appears a way to
resolve the mass hierarchy problem [2].
An essential element of brane-world models is the
presence of two free parameters in the theory (the bulk
cosmological constant and the brane tension, or brane
cosmological constant). The role of the brane cosmolog-
ical constant is to fix the position of the brane in terms
of tension (that is, why the brane cosmological constant
and the brane tension are almost the same thing). Being
completely consistent and mathematically reasonable,
such a way of doing things may look incompletely sat-
isfactory. Indeed, the physical origin (and prediction)
of brane tension in terms of some dynamical mechanism
may be required.
The ideology may be different, in the spirit of Refs. [6,
5, 4]. One considers the addition of surface countert-
erms to the original action on an AdS-like space. These
terms are responsible for making the variational proce-
dure well-defined (in Gibbons-Hawking’s spirit) and for
eliminating the leading divergences of the action. The
brane tension is no more considered as a free parameter
but is fixed by the condition of finiteness of spacetime
when the brane goes to infinity. Of course, leaving the
theory in such a form would rule out a possible existence
of consistent brane-world solutions. Fortunately, other
parameters contribute to brane tension. If one assumes
that there is a quantum CFT living on the brane (which
is closer to the spirit of AdS/CFT correspondence [7]),
then such a CFT produces a conformal anomaly (or an
anomaly-induced effective action). This contributes to
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This contribution is based on a common work with S. Nojiri and
S.D. Odintsov [ 1 ]
the brane tension. As a result, a dynamical mechanism
of getting a brane world with a flat or curved (de Sitter
or Anti-de Sitter) brane appears. In other words, the
brane world is a consequence of the presence of mat-
ter on the brane! For example, the sign of conformal
anomaly terms for usual matter is such that, in the one-
brane case, the de Sitter (ever-expanding, inflationary)
Universe is a preferable solution to the brane equation2.
The scenario of Refs. [6, 5] may be extended to the
presence of dilaton(s), as was done in Ref. [8], or to
the formulation of quantum cosmology in a Wheeler-De
Witt form [9]. Then the whole scenario looks even more
related to the AdS/CFT correspondence, since dilatonic
gravity appears naturally as the bosonic sector of 5d
gauged supergravity. Moreover, there appears an ex-
tra prize in the form of dynamical determination of the
4d boundary value of the dilaton. In [8], a quantum
dilatonic one-brane Universe has been presented, with a
possibility of getting an inflationary, hyperbolic or flat
brane with dynamical determination of the brane dila-
ton. An interesting question is related to generalization
of such a scenario in dilatonic gravity for the multi-brane
case. This will be discussed here.
In the next section we present the general action of
5d dilatonic gravity with surface counterterms and a
quantum brane CFT contribution. This action is con-
venient for describing brane-worlds where the bulk is
an AdS-like spacetime. There could be one or two (flat
or curved) branes in the theory. As was already men-
tioned, the brane tension is not fixed in our approach,
instead, the effective brane tension is induced by quan-
tum effects. An explicit analytical solution of the bulk
equation for a number of exponential bulk potentials is
presented. It is interesting that quantum-created branes
can be flat, de Sitter (inflationary), or hyperbolic. The
2A similar mechanism for anomaly driven inflation in the usual
4d world has been invented by Starobinsky [11] and generalized
for the presence of a dilaton in Refs. [13]
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role of quantum brane matter corrections in getting such
branes is extremely important. Nevertheless, there are
a few particular cases where such branes appear on the
classical level, i.e., without quantum corrections.
In most cases, as usually occurs in AdS dilatonic
gravity, the solutions contain a naked singularity. How-
ever, in other cases the scalar curvature is finite, and
there is a horizon. The corresponding 4d branes may be
interpreted as wormholes.
2. Dilatonic gravity action with brane
quantum corrections
Let us present the initial action for dilatonic AdS gravity
under consideration. The (Euclidean) AdS metric has
the following form:
ds2 = dz2 + e2A˜(z)
4∑
i,j=1
gˆijdx
idxj . (1)
Here gˆij is the metric of the Einstein manifold defined
by rij = kgˆij , where rij is the Ricci tensor constructed
from gˆij and k is a constant. One can consider two
copies of the regions given by z < z0 and glue two re-
gions putting a brane at z = z0 . More generally, one
can consider two copies of regions z˜0 < z < z0 and glue
the regions putting two branes at z = z˜0 and z = z0 .
Hereafter we call the brane at z = z˜0 as an “inner’ brane
and that at z = z0 as “outer” brane.
One chooses the 4-dimensional boundary metric as
g(4)µν = e
2Ag˜µν , (2)
and a tilde specifies quantities connected with g˜µν .
Let us consider the case where there are two branes
at z = z˜0 and z = z0 :
Stwo branes = S + S˜GH + 2S˜1 + W˜ , (3)
S˜GH =
1
8piG
∫
d4x
√
g(4) ∇µnµ, (4)
S˜1 =
1
16piGl
∫
d4x
√
g(4)
(
6
l
+
l
4
Φ(φ)
)
, (5)
W˜ = b˜
∫
d4x
√
g˜F˜A
+ b˜′
∫
d4x
√
g˜
{
A
[
2˜2 + R˜µν∇˜µ∇˜ν
− 4
3
R˜˜2 + 2
3
(∇˜µR˜)∇˜µ
]
A+
(
G˜− 2
3
˜R˜)A}
− 1
12
[
b˜′′ +
2
3
(b˜+ b˜′)
] ∫
d4x
√
g˜
[
R˜
− 6˜A− 6(∇˜µA)(∇˜µA)
]2
+ C˜
∫
d4x
√
g˜Aφ
[˜2 + 2R˜µν∇˜µ∇˜ν
− 2
3
R˜˜2 + 1
3
(∇˜µR˜)∇˜µ
]
φ (6)
with N scalar, N1/2 spinor, N1 vector fields, N2 (= 0
or 1) gravitons and NHD higher-derivative conformal
scalars; b , b′ and b′′ are
b =
N + 6N1/2 + 12N1 + 611N2 − 8NHD
120(4pi)2
,
b′ = −N + 11N1/2 + 62N1 + 1411N2 − 28NHD
360(4pi)2
,
b′′ = 0 . (7)
For an introduction to the anomaly-induced EA see [10].
We should note that the relative sign of S˜1 is different
from S1 . The parameters b˜ , b˜
′ , b˜′′ and C˜ correspond to
the matter which may be different from the outer brane
one on the inner brane as in (7). Hence, the situation
with different CFTs on the branes may be considered.
Having the action, one can study its dynamics.
Let us start the consideration of field equations for
a two-brane model. First of all, one defines a new coor-
dinate z by
z =
∫
dy
√
f(y), (8)
and solves y with respect to z . Then the warp factor
is e2Aˆ(z,k) = y(z). Here one assumes the 5-dimensional
space-time metric as follows:
ds2 = f(y)dy2 + y
4∑
i,j=1
gˆij(x
k)dxidxj . (9)
Using the substitution dz =
√
fdy and choosing l2e2Aˆ(z,k) =
y(z), one has metric in the form
ds2 = dz2 + e2A(z,σ)g˜µνdx
µdxν ,
g˜µνdx
µdxν ≡ l2 (dσ2 + dΩ23) . (10)
Here dΩ23 is the metric of a 3-dimensional unit sphere.
Then for the unit sphere (k = 3)
A(z, σ) = Aˆ(z, k = 3)− ln coshσ , (11)
for flat Euclidean space (k = 0)
A(z, σ) = Aˆ(z, k = 0) + σ , (12)
and for the unit hyperboloid (k = −3)
A(z, σ) = Aˆ(z, k = −3)− ln sinhσ . (13)
We now identify A and g˜ in (10) with those in (2).
Then we find F˜ = G˜ = 0, R˜ = 6/l2 , etc.
Our choice for the dilaton and bulk potential admit-
ting an analytical solution is
φ(y) = p1 ln (p2y) , (14)
Φ(φ) = c0 + c1e
aφ + c2e
2aφ, (15)
where a , p1 , p2 , c0 , c1 , c2 are some constants. When
p1 = ±1/
√
6, we find that f(y) identically vanishes.
Therefore we should assume p1 6= ±1/
√
6. Then we
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find the following set of exact bulk solutions (for all
cases c0 = −12/l2 ):
case 1: c1 =
6kp2p
2
1
3− 2p21
, c2 = 0, a = − 1
p1
,
f(y) =
3− 2p21
4ky
, p1 6= ±
√
6; (16)
case 2: c1 = −6kp2, a = ± 1√
3
, p1 = ∓
√
3,
f(y) =
3
2c2
p2
2
− 4ky ; (17)
case 3 c2 = 3kp2, a = ± 1√
3
, p1 = ∓
√
3
2
,
f(y) =
21
√
p2
8
√
y
(
c1y + 7k
√
p2y
) . (18)
The equation for the case k = 0 is identical to that of
the outer brane.
As an example, we consider case 1 in (16). Since
f(y) should be positive (we should also note y > 0),
one gets
q2 ≡ 4k
3− 2p21
> 0 (q > 0) . (19)
In (19), we can also consider the limit of k → 0 keeping
q finite, i.e., p21 → 32 .
When k 6= 0, from the equations of motion we get:
− 8b′ = F1(y0) ≡ 3y0
32piG
(
qy
1/2
0 −
y0
l
− q
2p21l
8
)
= − 3
16piG
y0
2l
(
y
1/2
0 −
1 +
√
1− p21l2/2
2
q
)
×
(
y
1/2
0 −
1−
√
1− p21l2/2
2
q
)
(20)
0 = − q
8piG
y
5/2
0 +
9lp1q
2
8piG
y0 + 6Cφ0 . (21)
The brane equations are
8b˜′ = F1(y0), (22)
0 =
p1q
8piG
y
3
2
0 −
9lp1q
2
8piG
y0 + 6C˜φ˜0 . (23)
Since p2 is absorbed into the definition of q in (20) and
(22), Eqs. (21) and (23) can be regarded as the equation
which determines p2 , or (φ0/p1) ln(p2y0) and (φ˜0/p1) =
ln(p2y0). We now investigate the properties of F1(y0) as
a function of y0 . The asymptotic behaviours are given
by
F1(y0)
y0→+0−→ − 3
16piG
· p
2
1q
2l
16
y0 < 0, (24)
F1(y0)
y0→+∞−→ − 3
16piG
· 1
2l
y20 < 0 . (25)
Since
F ′1(y0) =
3
16piG
(
3q
4
y1/2 − 1
l
y0 − p
2
1q
2l
16
)
, (26)
F1(y0) has extrema when
0 = y0 − 3ql
4
y
1/2
0 +
p21q
2l2
16
, (27)
whose solutions are given by
y
1/2
0 = y
1/2
± ≡
3ql
8
(
1±
√
1− 4p
2
1
9
)
. (28)
Therefore if
|p1| > 3/2 , (29)
Eq. (27) has no solution and F1(y0) is a monotonically
decreasing function of y0 . Then Eqs. (24) and (25) tell
that there is no solution of the brane equation (20) for
negative b′ in the case (29). On the other hand, when
|p1| < 3/2 , (30)
substituting (28) into the expression for F1(y0) in (20),
one gets
F1(y±) =
3
16piG
34q4l3
2 · 84
(√
1− 4p
2
1
9
± 1
)
×
(√
1− 4p
2
1
9
∓ 1
3
)
. (31)
Then we find that y0 = y+ corresponds to a maximum
of F1(y0). The maximum is positive, F1(y+) > 0, if√
1− 4p21/9− 1/3 > 0, that is,
p21 < 2. (32)
In the case (32), if
F1(y+) ≥ −8b′, (33)
Eq. (20) has a solution, i.e., there can be a brane. We
can also consider an inner brane, which lies at y = y1 <
y0 . For the inner brane, the relative sign of b˜
′ and b′
changes in the equation corresponding to (20). Then, if
F1(y−) ≤ 8b˜′, (34)
there can be an inner brane. Then, if both (33) and (34)
hold, we can have a two-brane dilatonic solution. For
such a solution, there might be, in general, a problem in
the consistency between (21) and (23). Taken together,
(21) and (23), can be regarded as the equations which
determine p1 and p2 (we should note that p2 is im-
plicitly contained in φ0 and φ˜0 ). In the classical limit,
where C = 0, the terms containing p2 (or φ0 and φ˜0 )
disappear. Then it seems to be non-trivial whether or
not there is any solution which satisfies both (33) and
(34).
We now consider the classical limit in case k 6= 0 ,
where b′ = C = b˜′ = C˜ = 0, and (20) and (22) become
identical. Then the solutions to Eqs. (20) and (22) are
given by
y
1
2
0 =
(
1±
√
1− p
2
1
2
)
ql
2
. (35)
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Since both solutions are positive, we can regard the
smaller one (the − sign in (35)) as the one correspond-
ing to the inner brane and and larger one (+ sign) to
the outer brane. On the other hand, Eqs. (21) and (23)
have the following form:
0 =
p1q
2ly0
2
(
17∓
√
1− p
2
1
2
)
. (36)
In (36), the upper sign (−) corresponds to the outer
brane and the lower one (+) to the inner brane. We
should note that there is no solution, except the trivial
one, for the inner brane. This seems to tell us that we
need a quantum correction from brane matter in order
to obtain the two-brane dilatonic inflationary universe
where the observable world can be associated with one
of inflationary branes.
When k = 0 in case 1, as discussed before, if q is
finite,
p21 → 3/2. (37)
Then we get the following equation:
0 = y0 − qly1/20 +
3q2l2
16
, (38)
which has two solutions:
y
1/2
0 =
3ql
4
,
ql
4
. (39)
These two solutions might be regarded as two-brane so-
lutions. On the other hand, the form of the equation
of motion in case k = 0 is identical to that of k 6= 0
in (21), which can be solved with respect to φ0 or p2
in the one-brane solution. However, in case k = 0, the
value of p1 is fixed by (37). In the classical limit of the
case k = 0, the equation of motion [1] can be rewritten
in the form of (38), and there appear the solutions (39).
The brane equation of motion [1] has the form (36), but
Eq. (37) does not satisfy (36). This demonstrates the
role of quantum effects in the realization of a dilatonic
inflationary two-brane-world Universe.
Solutions 2 and 3 may be considered in a similar way,
for details see [1].
3. Discussion
In summary, we have presented a generalization of a
quantum dilatonic brane world[8] where the brane is flat,
spherical (de Sitter) or hyperbolic, and it is induced by
the quantum effects of CFT living on the brane. In
this generalization one may have two-brane-worlds or
even multi-brane-worlds what proves a general nature
of the scenario suggested in Refs. [5, 6] where, instead of
an arbitrary brane tension added by hand, the effective
brane tension is produced by boundary quantum fields.
What is more interesting, the bulk solutions have an
analytical form, at least for the specific choice of the
bulk potential under consideration.
In classical dilatonic gravity, a variety of brane-world
solutions have been presented in Ref. [12] where the
problem of singularities was also discussed. A fine-tuned
example of bulk potential where one gets a nonsingular
bulk solution, has been presented.
Let us find out if our solutions contain curvature sin-
gularities. Multiplying gµν(5) with the Einstein equation
in the bulk,
R(5)µν −
1
2
∇µφ∇νφ− 1
2
g(5)µν
(
R(5)
− 1
2
∇ρφ∇ρφ+ 12
l2
+Φ(φ)
)
, (40)
which is obtained from SEH , one gets
R(5) =
1
2
∇ρφ∇ρφ− 5
3
(
12
l2
+Φ(φ)
)
. (41)
Substituting the expressions (14) and (15) into (41), we
find
R(5) =
p21
2y2f
− 5
3
[
c1(p2y)
ap1 + c2(p2y)
2ap1
]
. (42)
Then, for cases 1 ÷ 3, the scalar curvature R(5) is
case 1: R(5) = −
3
2
p21q
2
y
, (43)
case 2: R(5) =
8k
y
− 2c˜2
3y2
, (44)
case 3 R(5) = −
33c˜1
21
√
y
− 4k
y
. (45)
In all cases the singularity appears at y = 0.
In case 1, when y ∼ 0 and the coordinates besides y
are fixed, the infinitesimally small distance ds is given
by
ds =
√
fdy ∼ dy
q
√
y
, (46)
which tells us that the distance between the brane and
the singularity is finite. Then in the cases k = 0 and
k < 0 the singularity is naked when we Wick-re-rotate
the space-time to Lorentzian signature. When k > 0,
the singularity is not precisely naked after the Wick re-
rotation since the horizon is situated y = 0, i.e., the
horizon coincides with the curvature singularity.
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